Abstract. An explicit formula is found for the determinant of the system of multifluid equations of a quasi-neutral plasma. A close relation is revealed between this determinant and the Bohm criterion. A one-dimensional multifluid theory of a quasi-neutral plasma with M species of positive ions results in a (M + 1)-point boundary-value problem, one boundary condition referring to the sheath edge, M to the plasma-side boundary, and 2M − 2 to M − 1 free internal boundaries. The Bohm criterion is marginally satisfied not only at the sheath edge, but also at each internal boundary, and the sheath edge is distiguished by some additional conditions (the mean velocity of every ion species entering the sheath should exceed the velocity of sound of this species).
Introduction
A conventional tool of a hydrodynamics description of a plasma is diffusion theory, namely a model of a fluid with diffusing species. Another widely used tool is a multifluid description, regarding each species of the plasma as a separate fluid coexisting with the fluids made up of other species. The multifluid description has been employed in a theory of a glow discharge ( [1] [2] [3] [4] [5] [6] [7] and references therein). Such a description was recently found to be appropriate in the theory of the near-cathode region of an arc discharge [8] . Another conventional field of application of the multifluid description is the plasma edge theory in fusion devices ( [9] and references therein).
The multifluid description for the practically important case of a quasi-neutral plasma with positive ions of various species was considered in [2-4, 7, 10, 11] . The important role of zero points of the determinant of the system of multifluid equations was emphasized. The specific case of a plasma with two species of positive ions was treated in detail. The conclusion was drawn that, in this case, the determinant has two zero points, one of which coincides with the edge of the near-surface space-charge sheath and the other is positioned inside the quasi-neutral plasma, regularization conditions having to be applied at the latter point.
In this paper an explicit formula is found for the above-mentioned determinant (section 3). The number of its zero points inside the quasi-neutral plasma depends crucially on the values of the mean velocities of the ion species at the sheath edge. Hence, the question arises of the conditions of matching of a solution describing the quasi-neutral plasma with a solution for the space-charge sheath. (Such a condition for a collisionless sheath is conventionally referred to as the Bohm criterion; see [12] and references therein.) The solution for the sheath is constructed in section 4 and matched with the solution describing the quasi-neutral plasma in section 5. Zero points of the determinant are analysed and a statement of the boundary-value problem of the multifluid theory of a plasma containing several species of positive ions is considered in section 6.
The model
Consider a plasma consisting of positive ions of M different species, electrons and neutral species, adjacent to a cathode or to an insulating wall. Introduce the coordinate axis y directed from the cathode (wall) surface into the plasma. Designate by h a characteristic Debye radius, by λ a characteristic mean free path of the charged particles and by L the macroscopic length scale of the considered problem. (For example, L may be taken equal to the distance between the insulating wall and the discharge axis in a problem of a charged particle distribution across a glow discharge column, or to the thickness of the ionization layer in the problem of the near-cathode region in arc discharges.) We consider the frequently occurring situation in which h λ L. The plasma region of interest may be divided in such a situation into the collision-dominated region y = O(L), the Knudsen layer y = O(λ) and the collisionless space-charge sheath y = O(h).
A rigorous approach would include a continuum description of the collision-dominated region, based on hydrodynamics equations, a kinetic description of the Knudsen layer, based on the Boltzmann equation with a collision term and a kinetic description of the sheath, based on the collisionless Boltzmann equation; the solution for the Knudsen layer should be asymptotically matched in the 0022-3727/96/020364+05$19.50 c 1996 IOP Publishing Ltd region λ y L with the hydrodynamics solution and in the region h y λ with the sheath solution. However, such an approach is difficult to realize in full since finding a solution for the Knudsen layer is an extremely hard task. Therefore, analysis of the Knudsen layer is omitted in this paper and the hydrodynamics and sheath solutions are matched directly, without regard for the Knudsen layer.
Multifluid equations for a quasi-neutral plasma with various species of positive ions
We start with the collision-dominated region. We adopt the continuum multifluid description [1, 13] . The stationary one-dimensional equations of conservation of number and of momentum of the ions and of the electrons read
(2) Here the index i runs through the values 1, 2, . . . , M attributed to different species of the ions; the index e is attributed to the electrons; n α , v α , T α , m α and Z α are the number density, the mean velocity, the temperature, the mass of a particle and the charge number of the species α; ϕ is the electrostatic potential; w α is the rate of change of the number density of the species α due to volume reactions (note that w e = M i=1 Z i w i due to charge conservation); P α represents the average rate of momentum exchange per unit volume in collisions with other species and due to volume reactions. For brevity, the consideration is restricted to the planar case.
Since the plasma is quasi-neutral on the macroscopic length scale, one can set n e = M i=1 Z i n i in equations (1) and (2) . The average velocities of the ions and of the electrons in the vicinity of the cathode or of an insulating wall are comparable; therefore the electron inertia term (the left-hand side of equation (2) for α = e) may be dropped. For simplicity, we assume that spatial variations of the electron temperature, T e , and of the temperatures of various species of the ions, T i , are negligible in the considered space region near the surface.
Generally speaking, equation (2) may include terms describing viscosity, which would convert equation (2) into differential equations of the second order and which are taken into account in many codes in the plasma edge theory in fusion devices. However, in the one-dimensional situation considered in the present paper the ratio of the viscous stress term to the static pressure is of the order of the ratio λ/L, which must be small under the conditions of applicability of the hydrodynamics description. Therefore, the viscous stress terms are neglected.
Expressing for each ion species dv i /dy in terms of dn i /dy by means of equation (1), substituting this expression into (2) and excluding the electric field by means of equation (2) for the electrons, one has
Equation (3) may be considered as a system of linear algebraic equations for the derivatives dn i /dy. Its determinant may be evaluated with the help of the formula (17) of the appendix:
Here q i = (m i v 2 i − kT i )/(kT e ) and r i = n i /n e ; each equation was divided by kT e before evaluating the determinant.
A collisionless space-charge sheath with various species of positive ions
We proceed to analysis of the space-charge sheath. To determine the spatial distribution of the ions in the sheath, one should specify a velocity distribution function of every ion species entering the sheath. Following [14] , we approximate this distribution by a simple rectangular function
where v is the y component of the particle velocity and N i , V i and u i are the number density, the mean velocity and the characteristic thermal velocity of the ions of the species i entering the sheath. Since all the ions in the collisionless sheath in the absence of reflection from the surface move in the direction towards the surface, one should assume that V i + u i is negative, which means that V i < 0 and
The spatial and velocity distribution of each species of the ions in the sheath are governed by the collisionless Boltzmann equation, the corresponding relationship (5) playing the role of a boundary condition at y/ h → ∞. The resulting problem can easily be integrated and the number density of the ions in the sheath is
For definiteness, the limit value at y/ h → ∞ of the distribution of the electrostatic potential in the sheath is set equal to zero. The flux of the electrons to the surface of the cathode or of an insulating wall is much smaller than the electron chaotic flux; therefore the spatial distribution of the electrons in the sheath is described by the Boltzmann factor n e = N e exp eϕ kθ e .
Here θ e is the electron temperature in the sheath and N e is the limit value at y/ h → ∞ of the electron number density distribution in the sheath. Since the plasma is quasi-neutral at y h, N e = M i=1 Z i N i . Using (7) and (8) 
The first integral of this equation reads
−N e kθ e 1 − exp eϕ kθ e .
Thus, the number densities of the ions and of the electrons, the electric field strength and the electrostatic potential in the sheath may be found if the parameters N i , V i and u i , characterizing velocity distributions of the ion species entering the sheath, and the electron temperature in the sheath, θ e , are known. However, no solution exists for all combinations of these parameters. One set of limitations is represented by the condition (6). To find another limitation, we note that the right-hand side of equation (10) in the limit y/ h → ∞, when ϕ → 0, to a first approximation equals
Since the left-hand side of equation (10) cannot be negative, this quantity should be non-negative as well. The corresponding limitation on the above-listed parameters reads
This is the special form of the Bohm criterion [12] for the considered model.
Matching
In the framework of the considered approach based on the approximation (5), one can match the macroscopic quantities described by a hydrodynamics solution with those described by the sheath solution directly, without regard for the Knudsen layer. Namely, one can set n is = N i n es = N e v is = V i T e = θ e . (13) Here the index s is attributed to values of the macroscopic quantities obtained by extrapolating the hydrodynamics solution to the surface. These conditions result from the general principle of asymptotic matching ( [15] and references therein) and require that values of macroscopic quantities calculated by means of the hydrodynamics solution in the limit y/L → 0 coincide with those evaluated by means of the sheath solution in the limit y/ h → ∞. On the other hand, one can consider (13) as conditions of continuity at the 'sheath edge'; then the index s designates values given by the hydrodynamics solution at the sheath edge. (It should be noted, however, that the word 'edge' should not be understood literally, since the hydrodynamics solution and the sheath solution coincide throughout the entire space region h y L rather than at a single point.)
One should also relate the parameters u i , characterizing the 'widths' of the distribution functions of the ions of various species entering the sheath, to ion thermal velocities described by the hydrodynamics solution at the sheath edge. We set u i = (kT i /m i ) 1/2 [14] . Representing inequalities (6) and the Bohm criterion (12) in terms of hydrodynamics quantities at the sheath edge, one finds conditions that must be obeyed by a hydrodynamics solution for the above matching to be possible:
n is n es
The statement of the boundary-value problem for quasi-neutral multifluid equations
After matching conditions at the sheath edge (14) and (15) have been found, one can return to the system of equations describing the distributions of the charged particles in the collision-dominated region and to formulate the necessary boundary conditions. This system includes equation (1) for the ions (the equation for the electrons may be replaced by the condition of constancy of the electric current density) and equation (3) . The order of this system of ordinary differential equations is 2M. One of the boundaries of the calculation domain being considered is the sheath edge. Since h L, one can neglect the sheath thickness while treating the quasi-neutral region and set the coordinate of this boundary equal to zero. Designate by y 0 a coordinate of the other boundary, such as a discharge axis in the problem of a charged particle distribution across a glow discharge column, or some point in the region of ionization equilibrium in the problem of the near-cathode layer in arc discharges (we shall refer to this boundary as a plasma-side boundary).
Normally M conditions are stated at the plasma-side boundary, mean velocities of the ions being negligible at this boundary. Lacking boundary conditions must result from matching conditions at the sheath edge (14) and (15) . One should analyse the zero points of the determinant of the system of quasi-neutral multifluid equations (4) in order to establish these conditions. The quantities q i are negative at the plasma-side boundary and D(y 0 ) > 0. As the distance from the surface decreases, the ion mean velocities increase and the quantities q i also increase and eventually become positive; all of them must become positive before the sheath edge has been reached, according to (14) . Designate by y i the coordinate of a point at which q i passes through zero
The quantities q j (y i ) are positive for j = 1, 2, . . . , i − 1 and negative for j = i + 1, . . . , M. Hence, the sign of D(y i ) is determined by the factor (−1) i−1 . The second multiplier on the right-hand side of equation (4) is positive at the sheath edge due to inequalities (14) , whereas the third multiplier is non-negative due to the Bohm criterion (15) . Hence, either D(0) is zero or its sign is determined by the factor (−1) M . One can conclude that the determinant D has a zero inside each interval y j > y > y j+1 (j = 1, 2, . . . , M − 1) and a zero within the interval y M > y ≥ 0.
Thus, the determinant of the system of quasi-neutral multifluid equations has at least M − 1 zero points inside the quasi-neutral region. The left-hand side of equation (3) becomes linearly dependent at each such point, hence the right-hand side also must be linearly dependent with the same coefficients, otherwise a solution would be singular.
If the last zero point also were positioned inside the quasi-neutral region, then a similar regularization condition would have to be applied at this point and all boundary conditions would be internal. This would mean that all the information regarding the location of the cathode or wall surface should be lost, which does not make sense. Hence, the last zero point must coincide with the sheath edge. This requirement provides the last lacking boundary condition.
Discussion
A multifluid hydrodynamics solution must obey matching conditions (14) and (15) at the sheath edge. Equation (14) require that an absolute value of the mean velocity of every ion species entering the sheath exceed the sound velocity of this species; (15) is the Bohm criterion. Note that the fact that matching conditions represent inequalities rather than equations is unusual from the point of view of a conventional procedure of the method of matched asymptotic expansions ( [15] and references therein). Nevertheless, inequalities (14) and (15) are sufficient to establish lacking boundary conditions for the multifluid hydrodynamics equations.
The one-dimensional multifluid theory of a quasineutral plasma with M species of positive ions results in a (M + 1)-point boundary-value problem. M boundary conditions apply to the plasma-side boundary of the calculation domain. One boundary condition applies to the sheath edge. There are also M − 1 free internal boundaries with two conditions at each (the determinant (4) equals zero and the right-hand sides of equation (3) are linearly dependent). The total number of the boundary conditions (3M−1) corresponds to the order of the system of equations plus the number of internal boundaries, whose positions are unknown and should be determined as a part of the solution. Note that these conclusions conform to the results [2-4, 10, 11] obtained for the specific case M = 2, and do not conform to the results [7] obtained for the general case.
A comparison between formulae (4) and (15) reveals a close relation between the determinant of the system of multifluid equations of a quasi-neutral plasma and the Bohm criterion. In particular, zero points of the determinant coincide with points of marginal validity of the Bohm criterion, namely with points at which this criterion is satisfied with an equality sign. (An exception is the specific case in which points of passing through the sound barrier, y i , occasionally merge for two or more ion species; the determinant is zero at such points independently of the Bohm criterion.)
It is believed conventionally that marginal validity of the Bohm criterion is an indication of the sheath edge. This is not, however, applicable to the considered case of a plasma with several species of positive ions: the Bohm criterion is marginally valid not only at the sheath edge, but also at M − 1 points inside the quasi-neutral region. The sheath edge is distinguished by conditions (14) , which are not satisfied at internal points.
Following the conventional nomenclature, we use the term 'Bohm criterion' for the inequality (12) or, which is the same, (15) . Note, however, that this is not fully justified. The Bohm criterion formulated on the kinetic level, as an integral condition imposed on ion velocity distributions at the sheath edge, depends decisively on the contribution of slow ions and demands that their distribution goes to zero sufficiently rapidly for vanishing ion energy [12] . Inequalities (6) express this demand for the considered model (5). Hence, inequalities (6) (or, which is the same, inequalities (14) ) represent an essential constituent of the Bohm criterion. In other words, this criterion, while being represented by one integral inequality on the kinetic level, is expressed on the hydrodynamics level by the system of inequalities (14) and (15) 1/2 , includes both (14) and (15) .)
Two essentially different versions of the Bohm criterion for plasmas with several species of positive ions have been derived by previous investigators [7, 10] . The analysis of the present paper confirms their results [10] . Note that the assumptions used in the derivation [10] and in the present derivation are different. The present paper is based on replacing a treatment of the Knudsen layer by approximation (5) [14] ; in [10] the Knudsen layer is also disregarded, besides, the kinetic description of the collisionless sheath is replaced by the fluid description.
The present analysis may be used, in particular, for modelling a plasma in which the presence of multiply charged ions may be essential. This is the case, for example, in near-cathode layers of arc discharges [16] .
